An integrable lattice hierarchy is derived on the basis of a new matrix spectral problem. Then, some properties of this hierarchy are shown, such as the Liouville integrability, the bi-Hamiltonian structure, and infinitely many conservation laws. After that, the Darboux transformation of the first integrable lattice equation in this hierarchy is constructed. Eventually, the explicitly exact solutions of the integrable lattice equation are investigated via graphs.
Introduction
Investigation of nonlinear integrable lattice equations [1] [2] [3] [4] [5] [6] is an active topic in the field of nonlinear science because its solutions can explain some physical phenomena [7] [8] [9] [10] . Researchers in soliton field have proposed many valuable nonlinear integrable lattice equations [11] [12] [13] [14] [15] until now, but there are still many integrable lattice equations that have not been discovered. Generally speaking, nonlinear integrable lattice equations are related to their matrix spectral problems, respectively. Therefore, finding suitable matrix spectral problems is of great significance for us to derive integrable lattice equations and investigate their explicitly exact solutions.
It is well known that it is not easy to get solutions for integrable lattice systems. Currently, there are several useful approaches which can help us obtain explicit solutions, for instance, the binary nonlinearization [16] [17] [18] , Lie symmetry analysis [19, 20] , and the Darboux transformation [21] [22] [23] [24] [25] [26] [27] [28] [29] . The Darboux matix method is one of important and effective techniques to obtain explicitly exact solutions of integrable lattice equations [30] [31] [32] [33] [34] .
In this paper, we will focus on this spectral problem:
and its auxiliary problem,
where = ( , V ) , and V are potentials, and is a spectral parameter independent of t. According to the above spectral problem, an integrable lattice hierarchy in Liouville sense is presented firstly. Then, we investigate its biHamiltonian structures using the discrete trace identity [35] proposed by G. Z. Tu. Its infinitely many conservation laws are also presented. Finally, the explicitly exact solutions of the integrable lattice equation derived from this matrix spectral problem are discussed by DT method.
The structure of the article is as follows. In Section 2, we will obtain a new integrable hierarchy in Liouville sense and present its bi-Hamiltonian structure in accordance with the matrix spectral problem. In Section 3, we will discuss conservation laws of the integrable hierarchy proposed in Section 2. In Section 4, its N-fold DT will be constructed and its exact solutions will be obtained. In Section 5, some conclusions are given. 
where is a lattice function. In order to obtain a hierarchy of integrable lattice equations, we assume that
By solving the stationary discrete zero curvature equation
the following relationships will be derived:
into (6) follows the recursion relations
By calculation, we find (0) = 0, (0) = 0 and (0) is a arbitrary constant. For simplicity of calculation, we take (0) = 0. Then, the recursion relations Equation (8) 
and so on. Now, for any integer >= 0, we define
) . (10) In order to derive the associated integrable lattice hierarchy, we give a modification Δ ( ) ,
Letting
we can obtain that
Then, the discrete zero-curvature equation
is able to bring about the following integrable lattice hierarchy:
= ( , ) and , = ( , ) compose the Lax representation of the integrable lattice hierarchy Equation (15) . When m=1, (15) is reduced to the following:
Next, we try to construct the bi-Hamiltonian structures of (15) . In order to achieve this goal, we denote Γ = −1 and ⟨ , ⟩ stands for the trace of the product of two square matrices of the same orders M and N. Then,
The discrete trace identity [35] plays an important role in constructing Hamiltonian structures of integrable lattice equations and studying their integrability. Here, we try to construct Hamiltonian structure of (15) by using
Substituting the expansions = ∑ >=0 ( ) − and = ∑ >=0 ( ) − into (19), we have
) . (20) To get the value of the constant , we simply set = 0 in (20) and then find = 0. Therefore we have that
So we obtain the desired Hamiltonian form of (15),
where
= ( 11 12 21 22 ) ,
In (23), the operator is a Hamiltonian operator for the hierarchy Equation (15), and the operator is a recursion operator for the hierarchy Equation (15) . These two operators and satisfy the following relationships:
where * stands for the formal conjugation of and = = ( ) , 
Conservation Laws of (16)
Based on Lax representation of the hierarchy of integrable lattice equations (15), we can obtain its conversation laws. Substituting Φ = ( 1, , 2, ) into the spectral problem (1), we have
which demonstrates that
where we have = 1, / 2, . Then, if we suppose that = ∑ ∞ =0
( ) − , the following two recursion relationships will be found. One is
and the other is (0) = 0,
Based on (2) and (17), a direct calculation gives
Then, we discuss conversation laws of the hierarchy of integrable lattice equations (15) according to the above two different recursion relationships, respectively. Substituting = ∑ ∞ =0
( ) − into (34) , equating the coefficients of on both sides of the equation, we can achieve an infinite number of conversation laws of (16) based on the (32). The first two of them are
Similarly, we also have another infinite conservation laws of (16) based on (33) . The first two of them are
The N-Fold DT and Exact Solutions of Eq. (16)
If a integrable lattice equation with Lax pair Φ = Φ and Φ , = Φ exists a gauge transformatioñ
where is a reversible matrix and
The new potentials̃( , ) and̃( , ) possess the same form with the old potentials ( , ) and ( , ), respectively. The gauge transformation in (37) composes Darboux transformation of an integrable lattice equation with the transformation between old potential functions ( , ), ( , ) and new potential functions̃( , )̃( , ).
Based on (37) and (38), we are also able to obtain the relations, i.e.,̃=
. 
Complexity 5 with ( ) and ( ) being all functions with respect to and and being a positive integer number. It is easy to find that det( ) is a (2N)-th order polynomial with respect to . If we assume that the 2N parameters ( ̸ = , ̸ = ; ̸ = 0, = 1, 2, . . . , 2 ) are the roots of the det( ), det( ) can be expressed as
Setting = ( ,1 , ,2 ) and = ( ,1 , ,2 ) being the column vectors of Φ , we find that the column vectors of Φ = Φ are linear dependent because of det ( ) = 0. Then for = , = 1, 2, . . . , 2 , according to (37), we have
in which
and the parameters and are so chosen that the denominators in (43) are nonzero.
Theorem 1. e matrix̃defined by ( ) has the same form as , i.e.,̃=
where the transformation from the old potentials and V into the new potentials̃andṼ is given bỹ
Proof. Let −1 = * / det and
) .
It can be see that 11 and 12 are (2N-1)-th order polynomials with respect to , and 21 and 22 are (2N)-th order polynomials with respect to . From (42), we have
Moreover, (46) can be described as
together with
where ( = 1, 2, . . . , 2 ) are roots of ( , )( , = 1, 2), is a 2-order square matrix, and ( , = 1, 2) are the functions with respect to n and t. Thus, (48) can be written as
Equating the coefficients of and −1 on both sides of (50), we find
=̃,
From (51), we can see that =̃. The proof is completed.
Theorem 2. Under the transformation ( ) and ( ), the matrix̃defined by ( ) has the same form as , i.e.,
= (
in which all ( , = 1,2) are the functions of n and t. Through a series of calculations, we can figure out that 11 ( , ), 21 ( , ), and 22 ( , ) are (2N+1)-th order polynomials with respect to , and 12 ( , ) is (2N)-th order polynomial with respect to . We can verify from (47) that ( = 1, 2, . . . , 2 ) are the roots of ( , = 1, 2). So, we know
together with = (
12 ( , )
22 ( , ) +
( , )
where all the ( , = 1, 2) are the functions with respect to and . Thus, (54) can be rewritten as
Equating the coefficients of +1 and on both sides of (56), we find that
From (38) and (57), we are able to see that =̃. The proof is completed.
. . Exact Solutions of ( ).
In this section, the explicit solutions of the integrable lattice equation (16) will be discussed under its Darboux transformation. We can find = 1, V = 1 is a trivial solution of (16) easily. Starting from this trivial solution, the solutions of the Lax Pair Equations (1) and (17) can be obtained, 
According to (43), we have
By using of the Cramer rules, solving (42) follows
together with ,
In order to investigate the structure of the solutions (65) 
,
where ) .
(69) Figures 3 and 4 show the structures of the soliton solutionsã ndṼ in (68).
Conclusions
In this article, we have derived an integrable lattice hierachy on the basis of a new matrix spectral problem. Then, some properties of this hierarchy have been shown, such as the Liouville integrability, the bi-Hamiltonian structures, and infinitely many conservation laws. Eventually, the Darboux transformation of the first integrable equation in this hierarchy has been constructed and the exact solutions of the integrable equation have been investigated via graphs. The binary nonlinearization [36] [37] [38] is also a useful method to investigate explicit solutions. We will investigate the binary nonlinearization with regard to (16) associated with spectral problems (1) and (2) in subsequent papers.
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